In this study, an analytic derivation is made for the truncated Cauchy-Lorentz velocity distribution experimentally observed in freestanding graphene membranes. Three methods are used and discussed, including the Fokker-Planck-Kolmogorov equation, the maximum nonsymmetric entropy principle, and the Bayesian inference. From these results, a physical mechanism is provided for the non-Gaussian velocity distribution in terms of carbon atom arrangement in freestanding graphene. Moreover, a new theoretical foundation is proposed for future studies of the anomalous dynamics of carbon atoms in graphene membranes.
Introduction
The random motion of pollen particles in a fluid was first observed by Robert Brown [1, 2] . Later, Albert Einstein established the molecular theory of Brownian motion through a combination of fluid mechanics and diffusion theory [3] . He proved that Brownian particles follow a Gaussian distribution and discovered the now famous formula for the meansquared displacement (⟨ 2 ⟩ ∝ ). In fact, Albert Einstein was the first person to describe this natural phenomenon using a stochastic process. In 1908, Jean Baptiste Perrin experimentally proved Albert Einstein's results [4] . Following Einstein, Paul Langevin proposed using a kinematic approach [5] ̈=
where ( ) is a Gaussian variable. Langevin's equation is regarded as the first time a stochastic differential equation was used to describe a random process. However, scientists have found many random processes that do not follow the classical theory of Brownian motion. For this reason, the traditional Langevin equation has been generalized (see [6] and references therein):
where the (V, ) is the generalized force and (V, ) is the strength of the random force. One nonclassical example was found by Paul Lévy, where a particle's trajectory may involve many different scales [7] . The particle will follow the classical theory of Brownian motion in a small neighborhood but then jump suddenly over a large distance to a new neighborhood, where it reverts to the classical movement. This phenomenon is known as a Lévy walk, with the mean-squared displacement given by
where is a constant. With this notation, when = 1 the particle undergoes normal Brownian motion; if = 2, the particle is ballistic. For the condition of turbulent motion in an open system, the parameter can be = 3 [8] . A maximum entropy approach under a variety of constraints of deriving Lévy style distributions can be seen in [9] . Recently, it was experimentally found that the jittery out-of-plane motion of a freestanding graphene membrane exhibits Brownian motion with rare large-height excursions indicative of Lévy walks. In addition, this motion was shown to follow a heavy-tailed Cauchy-Lorentz velocity probability distribution function (PDF),
where is a constant, rather than the Maxwell-Boltzmann distribution [10] . Other results related to the anomalous dynamics of freestanding graphene membranes are described in [11] [12] [13] [14] . This discovery is surprising, requiring a new perspective for understanding the properties of freestanding graphene membranes. In addition, it may be possible to take advantage of this special velocity distribution by converting the higher values of the kinetic energy of graphene membranes into electrical energy [15] . This noisy motion could represent a new renewable power source or physical battery [16] [17] [18] [19] that provides clean energy. A deeper theoretical understanding of the origin of this unusual velocity distribution is needed to realize its potential value. Molecular dynamic simulations point to ripple curvature inversion as a possible mechanism [10] , but only one ripple is considered with clamped boundary conditions. A broader theoretical foundation is necessary to help uncover a deeper understanding of the anomalous dynamics of the freestanding graphene membrane. For example, one problem with the Cauchy-Lorentz distribution is that the expectation of the velocity square (V 2 ) is +∞, which means that the average kinetic energy is +∞. However, in accordance with the basic theory of statistical physics [20] , the temperature is proportional to the average kinetic energy, namely, ∝ (V 2 )( ), which means that tends to infinity, which is not true. For these reasons, we will use the truncated CauchyLorentz distribution. The comparisons shown in this paper show that the truncated Cauchy-Lorentz distribution is a better fit to the experimental data when compared with both the Cauchy-Lorentz distribution and Maxwell-Boltzmann distribution.
Construction of Truncated Cauchy-Lorentz Distribution
In this section, three methods are applied to construct the truncated Cauchy-Lorentz distribution: the Fokker-PlanckKolmogorov equation method, the maximum nonsymmetric entropy principle [21, 22] , and the Bayesian inference by maximum entropy principle [23] . For each method, we first identify the necessary restrictions applied to the model; then obtain the desired probability distribution function (PDF).
The Fokker-Planck-Kolmogorov Equation Method
. The traditional Langevin equation separates the impacts from the surrounding medium into two parts, as follows:
where is the mass of the carbon atom under consideration, the first term on the right hand side is the averaged-out viscous drag, and ( ) represents the rapidly fluctuating random force, satisfying
where the symbol ⟨. . .⟩ denotes ensemble averaging. The success of this method led to the development of the generalized Langevin equation, given bẏ
where , are two functions. The general function now represents the impact of the viscous drag from the medium. For our model, we set to zero. Since the experiments on the freestanding graphene membrane are performed under vacuum, the effect of the neighboring bonded carbon atoms can be completely described using only the rapid fluctuation force. With this simplification, the modified Langevin equation becomesV
After taking the average of both sides and relating it to the Fokker-Planck-Kolmogorov master equation, we obtain the following equation [24] :
where (V, ) is the PDF we are seeking. If we choose to be
where is a constant, then the PDF generated by (9) is the truncated Cauchy-Lorentz distribution, given by
where is an integral constant used to ensure
where (− , ) is the velocity range of the distribution. In practice, the parameters and in (10) are determined by numerical fitting, while is fixed by the experimental results.
With the functional form of determined, as shown in (10), insights may be gleaned about graphene's characteristics. As previously stated, the function represents the strength of the rapidly fluctuating random force. This force is transmitted through the chemical bonds in the regular hexagonal structure of a graphene membrane (see Figure 1) . When a neighboring carbon atom moves, the linked covalent bond transmits the effect of this movement to the carbon atom being modeled by Langevin's equation. This is the origin of the random force in (7). Moreover, given that (8) depends solely on the velocity, we can establish a relationship between the strength of the random force and the velocity.
Beginning with the kinetic theory of gases, we know that the frequency of collisions, ], is proportional to the velocity and is given by the following expression: where is the number density, is the distance between the particles, and V is the velocity. But, for the graphene lattice, the distance between two particles is the lattice constant. From this, we can rewrite (13) and obtain
Next, recall that the strength of the covalent bond is proportional to the inverse of the square of the distance, namely,
After comparing (14)- (15), we find the desired relationship between the velocity of the carbon atom and the strength of the random force:
Of course, there can be other factors which may influence the strength of the random force. From the experimental data, we know that the tunneling current and bias voltage impact the width of the PDF (see Figure 2 in [10] ) and that the parameter in (10) will characterize these effects.
Maximum Nonsymmetric Entropy
Principle. Next, we used the maximum nonsymmetric entropy principle proposed by Liu to construct the PDF [21, 22] . Using this method, a large number of important distribution laws can be easily and naturally derived, especially when compared to the traditional maximum entropy principle method. For example, the exponential and Gaussian distributions can be derived very easily. In addition, the nonsymmetric entropy approach is more expedient than other entropy approaches, such as the Tsallis's entropy, in deriving power law distributions. The key idea behind this method is to regard each event as providing some auxiliary information so that the total information of the event is defined by = − ln − ln , where is an auxiliary parameter of the th event, and ln is the auxiliary information. This method is equivalent to giving different weights to different particles in a system. In principle, by defining different functions for the nonsymmetric entropy, we can obtain different distribution laws. Moreover, in constructing the distribution, we learn what constraint must be imposed on the system. The starting point is the definition of the nonsymmetric entropy [21, 22] , given by the following for discrete systems:
or the following for continuous systems:
where the right side of (18) is a definite integral, and the integration range is the domain of the random variable. Comparing these equations with the traditional symmetric entropy equations [25] given by the following for discrete systems
or the following for continuous systems
it is clear that the nonsymmetric method is equivalent to the symmetric method with different weights applied. Next, we imposed the condition that the entropy increases monotonically (per the second law of thermodynamics) and used differential calculus (discrete system (17)) or the variational method (continuous system (18) ) to get the probability distribution function. In principle, if we choose the proper form for ( ( )) and include the proper constraints, any desired distribution may be obtained. Given that this is a relatively new method, an illustration may be helpful. If we assume ∫ ( ) = , then we know
4 Complexity where and are constants introduced to satisfy two constraints: ∫ ( ) = 1 and ∫ ( ) = . The power of this method is that by inspection we set
and obtain the Maxwell-Boltzmann PDF. Next, we prove that there exists an auxiliary information parameter function ( ), which maximizes the nonsymmetric entropy (18) , and then choose this function to give us the truncated Cauchy-Lorentz PDF.
Proof. We will use the Lagrangian multiplier method within the variational method. First, we construct the following auxiliary functional:
where 1 is a constant. Then, according to the variational method, ( ) reaches the maximum value corresponding to the condition of / = 0, which yields
It follows that
This shows that the PDF and the auxiliary function are simply related. By inspection, we set
By replacing with V, we can obtain the desired truncated Cauchy-Lorentz distribution (4).
As previously mentioned, the auxiliary information parameter function represents the weights assigned to different carbon atoms. So, (26) tells us that the higher the speed of the carbon atom is, the smaller the probability that this will occur. Alternatively, the majority of the particles have a velocity near zero, which is our expectation for any random process. In addition, the probability decreases as the speed increases, but in a manner that is relatively slow compared to the Maxwell-Boltzmann PDF. This gives the carbon atoms in freestanding graphene a heavy-tailed distribution, consistent with experimental findings.
Remark. There may be additional insights to be gained about the inner structure of the freestanding graphene membrane (from the constraints and auxiliary information parameter function yielding the truncated Cauchy-Lorentz distribution), but for this study we show only the simplest situation. Other conditions will be explored in future work.
Bayesian Inference by Maximum Entropy Principle
Parameter estimation is an important aspect of statistics [26] . Bayesian inference [23, 27] is a useful tool in dealing with this problem. By regarding the probability distribution of random variable as a random variable, then (according to the distribution of the parameters and the maximum entropy principle) the constraints that maximize the entropy may be found. This yields the PDF. In the discrete case, the differential equations must be solved, while in the continuous case, the variational equations must be solved. In order to get the truncated Cauchy-Lorentz distribution by the Lagrangian multiplier method, the entropy is defined as
Then, according to the variation method and the maximum entropy principle,
which yields
Substitute (4) into (30) , with the result that
Thus,
and the constraint can be written as
Namely, the expectation of the ln(V 2 + 2 ) is a constant. Thus, by introducing this special constraint, the truncated CauchyLorentz PDF may be determined.
Remark. From the procedure above, it is apparent that, under the constraint [ln(V 2 + 2 )] = , the truncated Cauchy-Lorentz distribution can be directly obtained. We infer that this is related to the inner structure of the graphene; researching the details of this relationship will be the subject of future studies.
Results and Discussion
Experimental values for the velocity of freestanding graphene come from 8 × 10
6 out-of-plane, height-time data points measured with a scanning tunneling microscope. This is feedback-on, constant current (0.1 nA), and constant voltage (0.1 V) data. Additional details are presented elsewhere (see [10] ). From the velocity data, an experimental velocity PDF was created and plotted as blue circles in Figure 2 . Overlaid on this data are three best-fit PDFs, including the truncated Cauchy-Lorentz, shown as a dashed blue line; the Cauchy-Lorentz, shown as a solid red line; and the MaxwellBoltzmann, shown with green "+" signs. The PDFs are set to be equal to the data at zero speed. Note how well the truncated Cauchy-Lorentz PDF follows the data.
Additional experimental data acquired sequentially from one particular location on the freestanding graphene is shown in Figures 3, 4 , and 5. The only experimental parameter varying between the measurements was the tunneling current setpoint: it went from 0.01 nA to 0.1 nA, then to 10.0 nA. As the tunneling current increases, the width of the velocity PDF increases. This is consistent with current-induced sample heating. For each figure, the same three best-fit velocity PDFs are displayed using the same line types as described earlier.
In all cases, the truncated Cauchy-Lorentz PDF captures the unusually high velocities occurring with an exceptionally high probability. The other two distributions fall off too quickly, failing to capture the heavy-tailed property as well as the truncated Cauchy-Lorentz PDF does. The heavytailed part of the distribution is the key aspect for potential applications.
To quantify the quality of fit, three measures are presented: goodness of fit, variance, and mean variation. The results are summarized in Table 1 , where it is clear that the truncated Cauchy-Lorentz distribution is superior to the other two.
Determining that graphene is continuously moving, even with a bias voltage applied, and that this motion is characterized by a non-Gaussian velocity distribution is a significant finding. Landmark theory papers published in the 1990s showed that the transportation of particles can be induced from this type of nonequilibrium fluctuation [28, 29] . In fact, a particular simulation for a freestanding graphene nanoribbon shows its energy harvesting opportunity [30] .
Nonlinear processes with a non-Gaussian character have been increasingly observed in recent studies; therefore, an efficient model describing such dynamics is needed. In this paper, we have investigated the anomalous dynamic behavior of carbon atoms in a freestanding graphene membrane from three different perspectives, including the Fokker-PlanckKolmogorov equation, the maximum nonsymmetric entropy principle, and the Bayesian inference by maximum entropy principle. For the generalized Langevin equation, we first modified the equation based on our understanding of physical properties of graphene in a vacuum. This allowed us to ignore the viscous force but maintain the important long jumps responsible for Lévy walks, which in turn gives us the heavy tails in the velocity PDF. Next, by combining collision theory with the lattice constraint, we showed that the random force is linear in the velocity. We handle finite temperature effects, such as current-induced heating, by truncating the Cauchy-Lorentz distribution. The accuracy of the fits indicates that the modified Langevin equation presented in the paper is reasonable. Moreover, the two methods of estimation helped us to learn more about the internal properties of freestanding graphene by the constraints they impose. Although the constraint used in each method is not unique, and only the most basic situation is presented, the dynamics of the inner structure of a graphene membrane can be inferred. Furthermore, the analytical nature of the perspective described in this paper sheds light on the origin of the anomalous dynamics of the heavy-tailed distribution.
Finally, we conclude that the three methods applied are useful for explaining certain nonlinear features of the anomalous dynamics of carbon atoms in freestanding graphene membranes, as well as for other physical processes. In addition, through [8] , we can link our anomalous kinetics with chaotic dynamics. A direct numerical comparison between the findings of this paper and a chaotic dynamical system, with the aim of studying anomalous transport properties, is a promising topic for future research. With the insights obtained from this study, we hope to better understand and quantify the fundamental mechanisms of energy harvesting.
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